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Conventional and spin-related thermoelectric effects in electronic transport through a nanoscopic system
exhibiting magnetic anisotropy, with both uniaxial and transverse components, are studied theoretically in the
linear-response regime. In particular, a magnetic tunnel junction with a large-spin impurity, either a magnetic atom
or a magnetic molecule, embedded in the barrier is considered as an example. Owing to magnetic interaction with
the impurity, conduction electrons traversing the junction can scatter on the impurity, which effectively can lead
to angular momentum and energy exchange between the electrons and the impurity. As we show, such processes
have a profound effect on the thermoelectric response of the system. Specifically, we present a detailed analysis of
charge, spin, and thermal conductance, together with the Seebeck and spin Seebeck coefficients (thermopowers).
Since the scattering mechanism also involves processes when electrons are inelastically scattered back to the
same electrode, one can expect the flow of spin and energy also in the absence of charge transport through the
junction. This, in turn, results in a finite spin thermopower, and the magnetic anisotropy plays a key role for this
effect to occur.
DOI: 10.1103/PhysRevB.91.155426 PACS number(s): 72.25.−b, 75.50.Xx, 85.75.−d
I. INTRODUCTION
One of the most promising routes towards maximizing the
functional potential of nanoscopic electronic and spintronic
devices relies on harnessing the interplay between transport of
charge, spin, and energy [1–4]. The interest in conventional
thermoelectric effects, those associated with transport of
charge, in nanoscopic systems was initiated more than two
decades ago with experimental observations of such effects in
mesoscopic conductors (such as quantum wires [5,6] and point
contacts [7,8]), and subsequently also in quantum dots [9,10].
On the other hand, spin-dependent thermoelectric effects,
those connected with transport of spin due to a particle
current, have only recently become the subject of experiments,
which so far have encompassed a wide range of nanosystems,
including magnetic tunnel junctions [11–14], local [15,16]
and nonlocal [17,18] spin valves, and others. Moreover, some
new phenomena associated with electron spin and related
to spin currents and/or spin accumulation, which can be
considered as spin analogs of the corresponding conventional
effects (so-called spin thermoelectric effects) have also been
studied [19,20]. It is worthy of note that spin currents can also
be independently carried by magnon excitations [21–23], so
that corresponding spin thermoelectric effects can occur not
only in metallic [19,20] or semiconducting [24] materials, but
also in insulating magnets [25,26].
The idea of spin-dependent thermoelectric effects was
originally conceived by Johnson and Silsbee [27]. They
predicted that in a tunnel junction with at least one of
the metallic electrodes being ferromagnetic, magnetization
currents could be induced both electrically and thermally,
and vice versa, thermal and electrical currents could also be
induced magnetically. Later, similar concepts were considered
*misiorny@amu.edu.pl
theoretically in a variety of nanosystems, including magnetic
tunnel junctions [28–31], spin valves [32–34], quantum
dots [35–40], single-molecule-magnet junctions [41,42], and
multilayered systems [43,44].
In this paper, we focus on a certain aspect of spin-
related thermoelectric effects in nanoscopic systems that has
not drawn much attention so far, namely, on the influence
of magnetic anisotropy of a system on its thermoelectric
properties. First, we consider the effect of magnetic anisotropy
on the system’s thermoelectric characteristics in the linear-
response regime. Second, we propose a scheme of how
magnetic anisotropy of a system can be used to induce spin-
thermal effects without actually transporting charge through
the system. For this purpose, we consider a nanoscopic
magnetic tunnel junction with a large-spin (S > 1/2) impurity
embedded in the barrier. In practice, such a model captures
essential features of a simple planar magnetic tunnel junction,
as well as of a setup involving the tip of a scanning tunneling
microscope. In either case, the role of the impurity may be
played, e.g., by a magnetic atom [45,46] or a single-molecule
magnet (SMM) [47].
Conduction electrons tunneling through the barrier can be
scattered on the impurity, so their energy may be changed
and spin orientation can be reversed. Such inelastic spin-flip
scattering processes establish thus a mechanism for energy and
angular momentum transfer between the conduction electrons
and the impurity, which, as we show in the following, is of
key importance for spin thermoelectric phenomena. There
is, however, a fundamental difference between the behavior
of spin-isotropic and spin-anisotropic impurities, as shown
schematically in Fig. 1. In the former case, where the impurity
spin does not prefer any specific spatial orientation, all
2S + 1 spin states are energetically degenerate, so that only
the spin angular momentum exchange can occur due to the
electron scattering [see Fig. 1(a)]. On the other hand, in
the spin-anisotropic case there are specific orientations of
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FIG. 1. (Color online) Influence of magnetic anisotropy on the
spectrum of an exemplary large-spin (S = 5/2) impurity. (a) For an
isotropic spin, all 2S + 1 spin states are energetically degenerate. A
conduction electron can flip its spin orientation when scattered on
the impurity, which results in transfer of the quantum of angular
momentum  between the electron and impurity. The impurity
undergoes then a transition between two neighboring spin states,
|Sz| = 1. These transitions are schematically marked by the double-
sided gray arrows. However, spin-orbit interaction in the presence of
low symmetry of the impurity usually leads to a spin anisotropy (b)–
(e). In the simplest case, the magnetic anisotropy can be uniaxial (b),
(c), which can be further distinguished into (b) magnetic anisotropy of
the “easy-axis” type, the spin prefers orientation along a specific axis
(easy axis, indicated by a vertical dashed bold line) without favoring
any of the two orientations, which leads to an energy barrier for spin
reversal; and (c) magnetic anisotropy of the “easy-plane” type, the
spin prefers orientation close to a specific plane (or in the plane for
an integer S), often referred to as the easy plane (indicated by a color
plane perpendicular to the easy axis z). The uniaxial anisotropy is very
often also accompanied by a transverse component (d), (e), which
introduces a mixing of the spin states. Due to such a mixing, depicted
by thin color lines connecting states in (d) and (e), spin-flip scattering
of conduction electrons can in principle transfer the impurity between
any two time-reversed (TR) spin states. As an illustration, possible
transitions from one specific state are marked in (d) and (e) on the
right side, with the states in the left column being time reversed with
respect to the states in the right column.
the impurity spin, which correspond to the lowest energy, as
shown for instance in Figs. 1(b)–1(e). Consequently, it is then
possible that conduction electrons exchange not only angular
momentum with the impurity in a scattering process, but also
energy can be transferred to/from the impurity during such an
event. The main objective is to include these inelastic scattering
processes in the description of thermoelectric phenomena. A
similar problem has been analyzed in a recent paper [31], but
the considerations were limited to elastic scattering processes
only. Thus, the corresponding description was applicable either
to spin-isotropic impurities or to spin-anisotropic case but
in the low-temperature limit, where only the two degenerate
states of lowest energy could take part in transport. Here,
we present a general description of the thermoelectricity,
where the inelastic scattering processes are included in the
linear-response regime as well.
In Sec. II, we present a brief overview of the conventional
and spin thermoelectric effects. The system to be considered,
i.e., a magnetic tunnel junction with an impurity in the barrier,
is described in Sec. III. Transport kinetic coefficients are
derived in Sec. IV, while numerical results are presented and
discussed in Sec. V. Final conclusions are given in Sec. VI.
II. OVERVIEW OF CONVENTIONAL AND
SPIN-DEPENDENT THERMOELECTRIC EFFECTS
In the situation when transport of charge, spin, and
energy occurs exclusively due to transfer of particles (e.g.,
electrons), the physical origin of the thermoelectric effects
under discussion relies on the particle-hole asymmetry [48].
When the particle-hole symmetry is present, a particle current
in the presence of thermal gradient is compensated by a
hole current and the net charge current vanishes. This is not
the case when the particle-hole symmetry is absent and the
particle and hole currents do not compensate one another. As
a result, there is a nonzero current associated with a thermal
gradient. In order to ensure such a particle-hole asymmetry in
planar junctions one needs to have an asymmetrical density
of states (DOS) near the Fermi level in electrodes. In the
case considered here, electrons traverse the barrier without
entering the molecule, so this asymmetry is crucial. On the
other hand, when conduction electrons tunnel through discrete
levels of the molecule (or a quantum dot), the DOS of
the molecule is usually asymmetrical except some specific
positions of the Fermi level, and this asymmetry is sufficient
to generate thermoelectricity, also when DOS of the electrodes
is symmetrical (and even independent of energy in the simplest
case).
To make a brief survey of the conventional and spin-related
thermoelectrics, let us consider a nanoscopic system attached
to two ferromagnetic metallic electrodes. We will consider
only electronic contributions to transport of charge, spin, and
energy. If the spin diffusion length of conduction electrons is
long enough relative to the system’s length scale, such a system
can usually be effectively represented by the transport model
of two nonequivalent spin channels. Generally, application
of a constant voltage δV , spin voltage δVS, and thermal
bias δT between the electrodes leads to stationary charge
transport of these three quantities is at the core for emergence
of conventional and spin-related thermoelectric effects, as
schematically depicted in Fig. 2.
In the linear-response regime, transport through the two-
terminal system under consideration can be formulated in
terms of the kinetic coefficients Lkn [48,49]:⎛⎝ICIS
IQ
⎞⎠ =
⎛⎝ e2L00 e2L01 eL02/TeL10/2 eL11/2 L12/(2T )
eL20 eL21 L22/T
⎞⎠⎛⎝ δVδVS
δT
⎞⎠ ,
(1)
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FIG. 2. (Color online) Systematic classification of the thermoelectric effects considered in this work. Generally, in a biased system (with
electric, spin, and thermal bias) a flow of charge, spin, and heat occurs, and the relation between a specific bias and currents is determined by
the relevant conductances (indicated by thin lines). These currents are not completely independent. For instance, under isothermal conditions,
δT = 0, a charge (spin) current is accompanied by a heat flow [a phenomenon known as the Peltier and spin Peltier effects (dashed arrows)],
and characterized by the Peltier and spin Peltier coefficients  and S, respectively. On the other hand, in the absence of a charge (spin) flow
IC = 0 (IS = 0), a thermal bias can lead to charge (spin) accumulation, resulting in an electric and spin bias, respectively. This phenomenon
is referred to as the Seebeck and spin Seebeck effect (solid arrows), and is quantified by the thermopower S (or Seebeck coefficient) and spin
thermopower SS (or spin Seebeck coefficient). We note that all the transport coefficients presented in the above figure are experimentally
measurable. More detailed discussion can be found in Refs. [2,31].
which satisfy the Onsager relation [50–52] Lnk = Lkn. Using
the definitions shown in Fig. 2, one can express the exper-
imentally relevant parameters in terms of the above kinetic
coefficients as follows.
(i) Generalized electrical conductance matrix G [36]:
G ≡
(
G Gm
GmS GS
)
=
(
e2L00 e2L01
eL10/2 eL11/2
)
, (2)
with Gm and GmS related due to the Onsager relation as GmS =
(/2e)Gm = −(/2|e|)Gm. Because the electron charge is
negative (e < 0), one can immediately notice that Gm and
GmS must have opposite signs.
(ii) Thermal conductance κ:
κ = 1
T
[
L22 −
(L02)2
L00
]
. (3)
(iii) Conventional  and spin S Peltier coefficients:
 = − 1|e|
L20
L00 and S =
2

L21
L11 . (4)
(iv) Conventional S and spin SS thermopowers, known
also as the Seebeck and spin Seebeck coefficients:
S = ∂IC/∂δT
G
= − 1|e|T
L02
L00 , (5)
SS = ∂IS/∂δT
GS
= − 1|e|T
L12
L11 .
Using the Onsager relation, one can easily note the relation
between the Peltier and Seebeck coefficients, referred to as
the Thompson’s second relation [52]  = T S, and its spin
analog S = (2e/)T SS = −(2|e|/)/T SS. In addition, one
can describe the overall (spin) thermoelectric efficiency of a
system by means of the so-called (spin) figure of merit ZT
(ZTS):
ZT = S
2GT
κ + κph and ZTS =
2|e|

S2S |GS|T
κ + κph , (6)
where κph is the phonon contribution to the heat conductance.
This contribution, however, will not be considered here.
In consequence, theoretical analysis of the linear-response
thermoelectric properties of a system can be presented in terms
of the kinetic coefficients, derived in Sec. IV B.
III. MODEL SYSTEM: MAGNETIC TUNNEL JUNCTION
WITH SPIN IMPURITY
The model of a magnetic tunnel junction to be investigated
here consists of two ferromagnetic metallic electrodes sepa-
rated by an insulating tunneling barrier (see Fig. 3). In general,
transport of charge, spin, and energy across such a junction,
mediated by tunneling of electrons, can occur either due to
applied voltage (electric δV or spin δVS) or due to a thermal
bias δT . Furthermore, if a spin impurity, represented by a
spin operator ˆS = ( ˆSx, ˆSy, ˆSz), is incorporated into the barrier,
apart from direct electron tunneling processes between the
electrodes, there are also processes where tunneling electrons
are scattered on the impurity. As already mentioned in Sec. I,
for a large-spin (S > 1/2) and anisotropic impurity, this leads
to transfer of angular momentum and energy between the
impurity and scattered electrons (cf. Fig. 1).
The electrodes are modeled as reservoirs of itinerant,
noninteracting electrons. Hamiltonian of the electrodes takes
the form ˆHel =
∑
qkσ ε
q
kσ aˆ
q†
kσ aˆ
q
kσ , where aˆ
q†
kσ (aˆqkσ ) is the
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FIG. 3. (Color online) Schematic illustration of the model system
under consideration: a magnetic tunnel junction with a large-spin
impurity embedded in the tunnel barrier. Transport of electrons in
such a junction can be driven by an external electric bias δV , spin
bias δVS, and the difference δT between electrodes’ temperatures
Tq [q = L(eft),R(ight)]. For conceptual simplicity, we assume here
δV = δVS = 0. The thermal bias δT is included via the Fermi-Dirac
distribution functions f q (ω), resulting in a different smearing of
densities of occupied states around the equilibrium electrochemical
potential μ0 in each electrode. Apart from direct tunneling between
the electrodes [an example for spin-up electrons indicated by (i)],
electrons can be also scattered by the impurity spin. As a result of
such a process, an electron can either tunnel to an opposite electrode
(ii) or return to the same electrode (iii), and its spin can be conserved
or flipped [as shown for instance in (ii) and (iii)].
electron creation (annihilation) operator and εqkσ is the con-
duction electron energy dispersion for the qth electrode [q =
L(eft),R(ight)], with k and σ denoting an orbital and electron
spin index, respectively. Moreover, since the transport effects
to be discussed in the system under consideration rely on
the particle-hole asymmetry of DOSs around the equilibrium
electrochemical potential μ0, we approximate the electrodes
as Stoner magnets with parabolic dispersion relations, so that
both electrodes are characterized by a spin-dependent DOS
ρ
q
σ (ω):
ρqσ (ω) = q
√
ω − μ0 − Eq + ησq/2 ≥ 0 (7)
for ω ≥ Eq + μ0 − ησq/2, where σ = + (−) refers to the
majority (minority) electrons, η+ (−) = ±1, q is a material-
dependent constant (∼0.1eV−3/2), Eq denotes the bottom edge
of the conduction band in the qth electrode in the paramagnetic
limit (q = 0), while q represents the Stoner splitting, i.e.,
the gap between bottom edges of the spin-majority and spin-
minority conduction bands (see Fig. 3). In addition, magnetic
properties of the qth electrode can be conveniently represented
by spin polarization at the Fermi level Pq , defined as
Pq = ρ
q
+(ω = μ0) − ρq−(ω = μ0)
ρ
q
+(ω = μ0) + ρq−(ω = μ0)
. (8)
Employing the above equation together with Eq. (7), one
can easily find the relation between the spin-polarization
coefficient and the Stoner splitting q = 4Pq(μ0 − Eq)/(1 +
P 2q ). Therefore, in the following only Pq will be used.
Moreover, two distinctive cases of the relative orientation of
the electrodes’ spin moments will be analyzed, namely, the
parallel (shown in Fig. 3) and antiparallel (with magnetic
moment of the right electrode reversed) configuration.
Electron tunneling processes in the junction are described
by the Appelbaum Hamiltonian [53,54]
ˆHtun = K
∑
kk′
{
αd
∑
qα
aˆ
q†
kαaˆ
q¯
k′α
+
∑
qq ′
αqq
′
ex
∑
αβ
σˆ αβ · ˆS aˆq†kαaˆq
′
k′β
⎫⎬⎭ , (9)
where the notation q should be understood as L ≡ R and
R ≡ L, whereas σˆ = (σˆx,σˆy,σˆz) with σˆi (i = x,y,z) denoting
the Pauli matrices. Thus, the first term of the Hamiltonian (9)
represents processes of direct tunneling across the junction. All
other tunneling processes, where electrons interact magneti-
cally with the impurity spin ˆS, either via exchange coupling or
direct dipolar interactions [45], are included in the second
term of ˆHtun. Such processes can be further divided into
single-electrode (q = q ′) and two-electrode (q = q ′) ones.
Moreover, due to the interaction with the impurity, electron
spin can flip (α = β). In the equation above, αqq ′ex ≡ νqνq ′αex,
where a dimensionless parameter νq quantifies the coupling
between the spin impurity and the qth electrode, while K
is the experimentally relevant energy parameter describing
tunneling. We note that the ratio of dimensionless parameters
αd and αex gives the relative strength of the processes when
electrons tunnel directly between electrodes with respect to
those when they interact with the impurity.
The spin impurity in the barrier is described by the giant-
spin Hamiltonian [55]
ˆHimp = −D ˆS2z + E
(
ˆS2x − ˆS2y
)
, (10)
with the first (second) term describing the uniaxial (transverse)
magnetic anisotropy, and the parameters D and E being the
relevant anisotropy constants. Let us neglect for a moment
the transverse term E = 0. The impurity Hamiltonian (10) is
then diagonal in the basis of the eigenstates |Sz〉 of the spin
operator ˆSz. It can be easily seen that depending on the sign
of the parameter D, the impurity spin prefers the orientation
either along the z axis (D > 0) [see Fig. 1(b)] or in the
xy plane (D < 0) [see Fig. 1(c)]. Especially interesting is
the former case as it corresponds to formation of an energy
barrier for spin reversal between two metastable orientations
(represented by the eigenstates | ± S〉) along the z axis,
referred then to as the system’s easy axis. Importantly, in
order to surmount the barrier, the impurity spin has to undergo
a series of transitions via all consecutive states |Sz〉 separating
the metastable states | ± S〉. On the other hand, once E = 0,
the simple picture introduced above does not hold as the
transverse term allows for mixing of states |Sz〉, which is
schematically illustrated in Figs. 1(d) and 1(e). In particular,
in the present situation each of the 2S + 1 eigenstates |χ〉 of
the impurity Hamiltonian (10), ˆHimp|χ〉 = εχ |χ〉, is a linear
combination of states |Sz〉. As a result, direct transitions
between different spin states on the opposite sides of the
spin-reversal barrier become in principle permitted.
Finally, we assume E > 0, so that the orientation of the
impurity spin along the y axis is energetically more favored
than along the x axis. Apart from this, we assume that the
two magnetic anisotropy constants are customarily related as
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0 ≤ E/|D| ≤ 1/3. This condition means that the z axis is
always associated with the dominating (uniaxial) component
of magnetic anisotropy. We also note that since our main
objective is to present the general concept of how the magnetic
anisotropy can modify the thermoelectric properties of a
nanosystem, we restrict our considerations to the situation
when the impurity’s easy axis is collinear with the electrodes’
spin moments.
IV. TRANSPORT CHARACTERISTICS
A. General formulation
Since the effective coupling of the impurity to external
electrodes is assumed to be weak, transport characteristics of
the system can be derived in terms of the approach based
on the relevant master equation. This approach allows for
calculating balanced flows of charge, spin, and energy between
the electrodes due to tunneling electrons (e < 0), with the
relevant currents defined as follows [31]:
(i) charge current
IC = e
∑
qσχχ ′
ηq
[
δχχ ′Wscσ,χT (0)qσ,χqσ,χ +Wsfσ,χ ′χT (0)qσ,χqσ ,χ ′
]
,
(11)
(ii) spin current
IS = 2
∑
qσχχ ′
ησηq
[
δχχ ′Wscσ,χT (0)qσ,χqσ,χ + Vsfqσ,χ ′χT (0)qσ,χqσ ,χ ′
]
,
(12)
(iii) heat current (in linear response)
IQ = 
∑
qσχχ ′
ηq
[
δχχ ′Wscσ,χT (1)qσ,χqσ,χ +Wsfσ,χ ′χT (1)qσ,χqσ ,χ ′
−V sfqσ,χ ′χ
(
1
2
χχ ′ + 12
(
μqσ − μqσ
))T (0)qσ,χqσ ,χ ′ ]. (13)
Here,  ≡ πK2/, χχ ′ = εχ − εχ ′ , and μqσ = μ0 +
eηq(δV + ησ δVS)/2 stands for the spin-dependent electro-
chemical potential of the qth electrode, with ηL(R) ≡ ±1 and
η↑(↓) = ±1, together with μ0 = (μLσ + μRσ )/2 denoting the
electrochemical potential at equilibrium and δV (δVS) repre-
senting the electric (spin) voltage bias. Furthermore, T (n)qσ,χq ′σ ′,χ ′ is
a function describing the transfer of an electron of initial spin σ
from theqth electrode into theq ′th electrode which the electron
enters with spin σ ′. The possible flip of the electron’s spin
orientation (σ → σ ′ = σ ) appears due to electron scattering
on the impurity, associated with transition of the impurity
magnetic state from |χ〉 to |χ ′〉. This function is given by
T (n)qσ,χq ′σ ′,χ ′ = Pχ(n)qσq ′σ ′ (χχ ′) − Pχ ′(n)q
′σ ′
qσ (χ ′χ ), (14)
with Pχ being the probability of finding the spin impurity in
the state |χ〉, and

(n)qσ
q ′σ ′ (χχ ′) =
∫
dω ρqσ (ω)ρq
′
σ ′(ω + χχ ′)
×
[
ω + 1
2
χχ ′ − 12
(
μqσ + μq
′
σ ′
)]n
× f qσ (ω)
[
1 − f q ′σ ′
(
ω + χχ ′
)]
. (15)
In the equation above, f qσ (ω) = {1 + exp[(ω − μqσ )/Tq]}−1 is
the spin-dependent Fermi-Dirac distribution function for the
qth electrode, with Tq = T + ηqδT denoting the temperature
of the electrode expressed in energy units (i.e., kB ≡ 1).
Although in the following we express the temperature in
the energy units, the original units will be restored when
presenting numerical results. Moreover, the matrix element
Wscσ,χ = α2d +
(
αLRex
)2∣∣Szχχ ∣∣2 + 2ησαdαLRex Szχχ , (16)
where Skχ ′χ ≡ 〈χ ′| ˆSk|χ〉 for k = z,±, quantifies the effect
of electron tunneling processes between the left and right
electrodes without spin reversal. The first term of Eq. (16)
accounts for the direct tunneling processes, whereas the
second term corresponds to the indirect spin-conserving
scattering on the impurity. Moreover, one could also expect
the interference between the two aforementioned tunneling
paths, which is described by the last term of Eq. (16). However,
under the linear-response conditions this term will actually
play no role, as it will turn out later. The spin-flip tunneling
processes are, in turn, described by the matrix elements(
Wsfσ,χ ′χ
V sfqσ,χ ′χ
)
=
((
αLRex
)2(
α
qq
ex
)2
)
[δσ↓|S−χ ′χ |2 + δσ↑|S+χ ′χ |2]. (17)
For the sake of notational clarity, in Eq. (17) we have further
distinguished the two-electrode (Wsf) and single-electrode
(V sf) electron tunneling processes. Importantly, it is worth
emphasizing that in the latter case spin-flip processes can
contribute only to transport of spin and energy across the
junction [cf. Eqs. (11)–(13)].
Finally, as one can notice from Eq. (14), the usage of the
expressions (11)–(13) requires the knowledge of the stationary
probabilities Pχ . At equilibrium, these probabilities are given
by the Gibbs distribution
Pχ |eq ≡ P˜χ = 1Z exp[−εχ/T ], (18)
with the partition function Z = ∑χ exp[−εχ/T ]. Note the
notation •|eq ≡ •˜ we will use henceforth interchangeably for
denoting the quantity at equilibrium, that is, at δV = δVS =
δT = 0. On the other hand, out of equilibrium the probabilities
Pχ can in general be found as a solution to the set of stationary
master equations
dPχ
dt
= 0 =
∑
χ ′
[γχ ′χPχ ′ − γχχ ′Pχ ], (19)
with the probability normalization condition
∑
χ Pχ = 1, and
γχχ ′ = 2
∑
qσ
[Wsfσ,χ ′χ(0)qσqσ (χχ ′)
+V sfqσ,χ ′χ(0)qσqσ (χχ ′)
]
. (20)
B. Linear-response regime: Kinetic coefficients
The kinetic coefficients Lkn [cf. Eq. (1)] can be derived by
linearization of the Eqs. (11)–(13), which we precede with the
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substitution
Pχ = P˜χ
[
1 + χxn
eδn0+δn1
T
xn
]
. (21)
Here, the shorthand notation x0 ≡ δV , x1 ≡ δVS, and
x2 ≡ δT has been introduced. Employing the identity
P˜χ ′ = P˜χ exp[χχ ′/T ] together with the symmetry property
˜
(n)qσ
q ′σ (χχ ′) = ˜(n)q
′σ
qσ (−χχ ′ ) exp[χχ ′/T ], (22)
we obtain
L0n = T
δn2
eδn0+δn1

∑
qσχχ ′
ηqP˜χ
[
2δχχ ′Wscσ,χ
∂
(0)qσ
qσ (0)
∂xn
∣∣∣∣
eq
+Wsfσ,χ ′χ
{
∂ϒ
(0)qσ
qσ (χχ ′)
∂xn
∣∣∣∣
eq
+ e
δn0+δn1
T
[
χxn − χ
′
xn
]
˜
(0)qσ
qσ (χχ ′)
}]
,
(23)
L1n = T
δn2
eδn0+δn1

∑
qσχχ ′
ησηqP˜χ
[
2δχχ ′Wscσ,χ
∂
(0)qσ
qσ (0)
∂xn
∣∣∣∣
eq
+ Vsfqσ,χ ′χ
{
∂ϒ
(0)qσ
qσ (χχ ′)
∂xn
∣∣∣∣
eq
+ e
δn0+δn1
T
[
χxn − χ
′
xn
]
˜
(0)qσ
qσ (χχ ′)
}]
,
(24)
L2n = T
δn2
eδn0+δn1

∑
qσχχ ′
ηqP˜χ
[
2δχχ ′Wscσ,χ
∂
(1)qσ
qσ (0)
∂xn
∣∣∣∣
eq
+Wsfσ,χ ′χ
{
∂ϒ
(1)qσ
qσ (χχ ′)
∂xn
∣∣∣∣
eq
+ e
δn0+δn1
T
[
χxn − χ
′
xn
]
˜
(1)qσ
qσ (χχ ′)
}
− χχ ′
2
V sfqσ,χ ′χ
{
∂ϒ
(0)qσ
qσ (χχ ′)
∂xn
∣∣∣∣
eq
+ e
δn0+δn1
T
[
χxn − χ
′
xn
]
˜
(0)qσ
qσ (χχ ′)
}]
. (25)
In order to keep a compact form of the above expressions
for the kinetic coefficients, we have introduced the auxiliary
function
ϒ
(n)qσ
q ′σ (χχ ′) = (n)qσq ′σ (χχ ′)
− (n)q ′σqσ
(− χχ ′) exp [χχ ′/T ]. (26)
As one can see, Eqs. (23)–(25) involve terms that are
proportional to χxn − χ
′
xn , that is, to the difference between
linear terms in the Taylor expansion of the probabilities of two
different impurity states |χ〉 and |χ ′〉. Finding these directly
from Eq. (19) generally proves to be cumbersome (especially if
the impurity spin S is large). However, the master equation (19)
in the stationary limit is equivalent to the set of detailed balance
equations (one for each state |χ ′〉) [56]: γχχ ′Pχ = γχ ′χPχ ′ .
Linearization of this equation, after substitution of Eq. (21)
and then application of the identities already used to derive the
expressions for kinetic coefficients (23)–(25), yields
χxn − χ
′
xn
= − Tχ ′χ
eδn0+δn1
∑
qσ
[
Wsfσ,χ ′χ
∂ϒ
(0)qσ
qσ (χχ ′)
∂xn
∣∣∣∣
eq
+V sfqσ,χ ′χ
∂ϒ
(0)qσ
qσ (χχ ′)
∂xn
∣∣∣∣
eq
]
, (27)
where
χ ′χ =
{∑
qσ
[
W(0)sfqσ,χ ′χ + V(0)sfqσ,χ ′χ
]}−1 (28)
and
W(n)scqσ,χ ′χ = δχχ ′Wscσ,χ ˜(n)qσqσ (0),
W(n)sfqσ,χ ′χ = Wsfσ,χ ′χ˜(n)qσqσ (χχ ′), (29)
V(n)sfqσ,χ ′χ = V sfqσ,χ ′χ˜(n)qσqσ (χχ ′).
Note the new compact notation for the matrix elementsW(n)sfqσ,χ ′χ
and V(n)sfqσ,χ ′χ introduced above. Consequently, it can be noticed
that in the final step, before the explicit expression for Lkn
can be written, one eventually has to find derivatives of the
form [∂(n)qσq ′σ (χχ ′)/∂xn]|eq. Interestingly, we find that all the
derivatives in question can be actually expressed in terms of
the ˜ functions, and thus the notation (29) will prove especially
helpful. In particular, using that
∂f
q
σ (ω + )
∂xn
∣∣∣∣
eq
= ηqηδn1σ
eδn0+δn1
2T 1+δn2
(ω +  − μ0)δn2
× f (ω + )[1 − f (ω + )], (30)
with f (ω) ≡ f qσ (ω)
∣∣
eq, we obtain
∂
(k)qσ
qσ (0)
∂xn
∣∣∣∣
eq
= ηqηδn1σ
eδn0+δn1
2T 1+δn2
˜
(k+δn2)qσ
qσ (0), (31)
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and after some more laborious, though straightforward, transformations we arrive at
∂ϒ
(0)qσ
q ′σ ()
∂xn
∣∣∣∣
eq
= [(δn0 + δn2)δq ′q + δn1δq ′q ησ ]ηq e
δn0+δn1
T 1+δn2
˜
(δn2)qσ
q ′σ () − δn2δq ′q ηq

2T 2
˜
(0)qσ
qσ () (32)
and
∂ϒ
(1)qσ
qσ ()
∂xn
∣∣∣∣
eq
= (δn0 + δn2)ηq e
δn0
T 1+δn2
˜
(1+δn2)qσ
qσ (). (33)
Finally, combining all the above expressions, the kinetic coefficients take the form
L00 = 
T
∑
χχ ′
P˜χ
⎡⎣∑
qσ
(
W(0)scqσ,χ ′χ +W(0)sfqσ,χ ′χ
)− χ ′χ
(∑
qσ
ηqW
(0)sf
qσ,χ ′χ
)2⎤⎦ , (34)
L11 = 
T
∑
χχ ′
P˜χ
⎡⎣∑
qσ
(
W(0)scqσ,χ ′χ + V(0)sfqσ,χ ′χ
)− χ ′χ
(∑
qσ
ησ ηqV
(0)sf
qσ,χ ′χ
)2⎤⎦ , (35)
L22 = 
T
∑
χχ ′
P˜χ
⎡⎣∑
qσ
(
W(2)scqσ,χ ′χ +W(2)sfqσ,χ ′χ +
2χχ ′
4
V(0)sfqσ,χ ′χ
)
− χ ′χ
(∑
qσ
ηq
{
W(1)sfqσ,χ ′χ −
χχ ′
2
V(0)sfqσ,χ ′χ
})2⎤⎦ , (36)
L01 = L10 = 
T
∑
χχ ′
P˜χ
[∑
qσ
ησW
(0)sc
qσ,χ ′χ − χ ′χ
(∑
qσ
ησ ηqV
(0)sf
qσ,χ ′χ
)(∑
qσ
ηqW
(0)sf
qσ,χ ′χ
)]
, (37)
L02 = L20 = 
T
∑
χχ ′
P˜χ
[∑
qσ
(
W(1)scqσ,χ ′χ +W(1)sfqσ,χ ′χ
)− χ ′χ
(∑
qσ
ηqW
(0)sf
qσ,χ ′χ
)(∑
qσ
ηq
{
W(1)sfqσ,χ ′χ −
χχ ′
2
V(0)sfqσ,χ ′χ
})]
, (38)
L12 = L21 = 
T
∑
χχ ′
P˜χ
[∑
qσ
ησ
(
W(1)scqσ,χ ′χ −
χχ ′
2
V(0)sfqσ,χ ′χ
)
− χ ′χ
(∑
qσ
ησ ηqV
(0)sf
qσ,χ ′χ
)(∑
qσ
ηq
{
W(1)sfqσ,χ ′χ −
χχ ′
2
V(0)sfqσ,χ ′χ
})]
,
(39)
and they satisfy the Onsager relationLkn = Lnk [50–52]. Note
that the terms involving χ ′χ [Eq. (28)] describe corrections
to the kinetic coefficients due to a deviation of the probability
distributionPχ of the spin impurity states from the equilibrium
distribution. Importantly, this deviation affects only contribu-
tions associated with spin-flip transitions. The first interesting
observation one can make about these coefficients concerns
the fact of how they depend on two-electrode (∝W(n)sc and
∝W(n)sf) and single-electrode (∝ V(0)sf) electron tunneling
processes. Specifically, one can distinguish coefficients which
even in the absence of the two-electrode processes (i.e., when
W(n)sc =W(n)sf = 0) can still remain nonzero, as for example
L11, L22, and L12. Consequently, recalling the formulas for
quantities describing thermoelectric properties of a system,
discussed in Sec. II, one can expect the system under
consideration to display a spin thermoelectric response without
charge transport through the junction.
V. NUMERICAL RESULTS AND DISCUSSION
In the following, we focus on the analysis of conventional
and spin-related thermoelectric properties of the system of
interest. We distinguish three distinctive situations:
(i) the tunnel junction in the absence of spin impurity
(αex = 0), when only direct electron tunneling between elec-
trodes is possible (αd = 1);
(ii) the situation when the direct electron tunneling and
the tunneling of electrons with scattering on the impurity
spin contribute comparably (αd ≈ αex) to transport across the
barrier;
(iii) the case with spin impurity (αex = 1), when only
single-electrode tunneling processes (αLLex = 0 and αRRex = 0)
can occur, whereas electron tunneling between two different
electrodes is not admitted (αd = αLRex = 0).
In order to limit the parameter space to be investigated, for
the general parameters describing tunneling of electrons and
the electronic band structure of the electrodes we assume K =
0.1 eV, L = R ≡  = 0.1eV−3/2. In fact, since Lkn ∝
K22 [cf. Eqs. (29) and (34)–(39), and note that ˜ ∝ 2],
the values of K and  matter only for the magnitude of
conductances (2) and (3), whereas thermopowers (5), and,
consequently, also the Peltier coefficients (4) (not considered
here) do not depend on these two parameters. Furthermore, the
spin impurity, if present, is usually coupled asymmetrically
to the electrodes, and thus we assume 2νL = νR = 1, which
means that in our case the impurity couples more strongly to
the right electrode. Finally, we assume that the spin number of
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the impurity is unaffected by the change of temperature in the
considered range.
A. Magnetic tunnel junction with no spin impurity
Let us begin with the analysis of the conceptually simplest
case which corresponds to a bare magnetic tunnel junction, i.e.,
the junction with no spin impurity αex = 0. Assuming αd = 1,
the relevant expressions for the kinetic coefficients (34)–(39)
can be then written in the following simple form:
Lnk = 2
T
∑
σ
ηn+kσ ˜
(δn2+δk2)Lσ
Rσ (0), (40)
where we made use of the fact that the function ˜ is
symmetric under the exchange of spin and electrode indices
˜
(δn2+δk2)qσ
qσ (0) = ˜(δn2+δk2)qσqσ (0) [recall that ˜ ≡ 
∣∣
eq and use
Eq. (15)]. One can immediately note that
Lnk ∝ ˜(δn2+δk2)L↑R↑ (0) − ˜(δn2+δk2)L↓R↓ (0) (41)
if n + k is an odd number. This, in turn, leads to an important
observation that the spin-dependent transport quantities, such
as the off-diagonal elements Gm and GmS of the generalized
conductance matrix [Eq. (2)] as well as the spin thermopower
SS [Eq. (5)] depend on the left-right electrode spin asymmetry
via the integrand factor A(ω) ≡ ρL↑ (ω)ρR↑ (ω) − ρL↓ (ω)ρR↓ (ω).
In particular, if the condition A(ω) = 0 is fulfilled, these
quantities are identically equal to zero, and the junction does
not exhibit the spin thermoelectric response ZTS = 0. This
happens, for instance, when both electrodes are made of the
same ferromagnetic material (i.e., EL = ER and PL = PR)
and their spin moments are oriented antiparallel, so that
ρL↑ (ω) = ρR↓ (ω) and ρL↓ (ω) = ρR↑ (ω).
1. Generalized electrical conductance
To illustrate basic thermoelectric characteristics of a bare
junction, especially their dependence on the magnetic prop-
erties of electrodes (the spin-polarization coefficient Pq and
the band-edge energy Eq) and on temperature, in Fig. 4(a)
we present the elements of the conductance matrix G in the
ER ER ER
G
G
FIG. 4. (Color online) (a) Elements of the generalized conduc-
tance matrix G of a bare tunnel junction (i.e., in the absence of
spin impurity αex = 0) in the parallel (left) and antiparallel (right)
magnetic configurations, presented as a function of the position of
the bottom edge of the conduction band in the right electrode ER
for a constant value of EL = −1 eV, and for PL = PR ≡ P = 0.5.
The conductances are expressed in the units as indicated. The
corresponding magnetoconductance is shown in (b). Although the
conductances are plotted for T = 1 K, they remain constant within
the temperature range of interest, that is, up to 100 K.
ER
T
k
T
FIG. 5. (Color online) Thermal conductance (a), thermopower
S (c), (d), and spin thermopower SS (e), (f) calculated as a
functions of temperature T for indicated values of ER . Note that
these values of ER correspond to the points indicated in Fig. 4.
Whereas the heat conductance is presented for the parallel magnetic
configuration, the thermopower and spin thermopower are shown for
both parallel and antiparallel configurations. The corresponding heat
magnetoconductance HMC is presented in (b). The other parameters
as in Fig. 4.
parallel and antiparallel magnetic configurations. Due to the
Onsager relations GmS = −(/2|e|)Gm [see Eq. (2) and the
text following], so GmS and Gm are equal in magnitude, but
have opposite signs in the units used in Fig. 4(a). In the
absence of spin impurity, also the charge G and spin GS
conductances are equal in magnitude and have opposite signs
when expressed in the units as in Fig. 4(a). The latter equality
is not valid in the case with spin impurity, as will be seen later.
The results presented in Fig. 4(a) are for a symmetrical spin
polarization of the electrodes PL = PR ≡ P = 0.5. However,
the positions of the band edges for the left and right electrodes
EL and ER are generally different. Noteworthily, in order
to keep a constant polarization factor, the Stoner splitting is
modified accordingly, when the position of the band edge in
one electrode is changed.
First of all, we note that the conductances shown in Fig. 4(a)
stay constant in the temperature range used below in Fig. 5
for the thermal conductance and thermopowers. Second, the
nondiagonal conductances GmS and Gm are vanishingly small
in the antiparallel configuration. Detailed analysis shows
that they vanish exactly only for EL = ER , whereas for
ER = EL these conductances are nonzero, albeit vanishingly
small when compared with G and GS. The situation is
different in the parallel configuration, where GmS and |Gm|
are comparable with with G and |GS|. This behavior is a
consequence of the symmetrical spin polarization. If PL = PR ,
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the conductances GmS and Gm are remarkable not only in the
parallel configuration, but also in the antiparallel one.
The difference in the conductance components in both
magnetic configurations can be used to define the correspond-
ing magnetoconductance associated with the transition from
parallel to antiparallel magnetic configuration, as shown in
Fig. 4(b). The magnetoconductances associated with G, GS,
GmS , and Gm are denoted in the following as MC, MCS, MCmS ,
and MCm, respectively, and are defined as
MX = XP − XAP
XP + XAP (42)
for X = G, GS, GmS , and Gm, where XP (AP) denotes the
corresponding conductance in the parallel (antiparallel) mag-
netic configuration. In general, this definition limits the
magnetoconductance to the range 〈−1,1〉. In the case under
consideration, the magnetoconductances shown in Fig. 4(b)
are roughly constant. This follows from the fact that the
leads’ spin polarization is kept constant. Interestingly, as the
magnetoconductances MC and MCS are rather small and
MC = MCS = P 2, the magnetoconductances associated with
the nondiagonal elements MCmS and MCm are almost equal to
the upper limit equal to 1. The latter is due to small values of
the corresponding conductances in the antiparallel magnetic
configuration, as already discussed above.
2. Thermoelectric quantities: Thermal conductance,
thermopower, and spin thermopower
Figure 5 shows the temperature dependence of the ther-
mal conductance κ [Fig. 5(a)], thermopower S [Figs. 5(c)
and 5(d)], and spin thermopower SS [Figs. 5(e) and 5(f)].
As one can see, the thermal conductance is a linear function
of temperature T . Closer numerical analysis proves that
the thermal conductance is related to the electrical one
as κ = L0GT , with L0 = π2/(3e2) denoting the Lorentz
number (recall that we set kB ≡ 1), which represents the
well-known Wiedemann-Franz law [48]. The relative change
in the heat conductance, associated with the transition from
parallel to antiparallel magnetic configuration, is shown in
Fig. 5(b), where the heat magnetoconductance (HMC) has
been defined similarly as the magnetoconductances consid-
ered above. The heat magnetoconductance increases only
slightly with temperature (note the logarithmic scale for the
temperature).
A linear in temperature behavior is also revealed by the
thermopowerS and spin thermopowerSS [see Figs. 5(c)–5(f)],
where the solid line in Figs. 5(e) and 5(f) for ER = −1
is missing, as the spin thermopower is negligibly small in
Fig. 5(e) and it vanishes exactly in Fig. 5(f). First of all, one
can observe that the thermopower is negative for both magnetic
configurations [Figs. 5(c) and 5(d)], which indicates that in
both cases the corresponding thermocurrent is dominated
by particles. This follows from the particle-hole asymmetry
in the DOS for the assumed model of electronic structure.
Conversely, the sign of the spin thermopower [Figs. 5(e)
and 5(f)] does depend on the magnetic configuration, which
again is a consequence of corresponding DOS in both spin
channels. The thermally induced spin current
I thS ≡

2T
L12δT αex=0= 2T
[
˜
(1)L↑
R↑ (0) − ˜(1)L↓R↓ (0)
]
δT , (43)
flowing in the parallel configuration is negative as the particle-
hole asymmetry in the spin-minority (spin-down) channel
is larger than in the spin-majority (spin-up) channel for
the assumed parameters. Accordingly, the spin voltage δVS
required to compensate the spin current
IS|δV=0 = GSδVS + I thS (44)
[with GS < 0 as shown in Fig. 4(a)] is negative, which
explains why the corresponding spin thermopower is positive.
The situation is opposite in the antiparallel configuration,
where the particle-hole asymmetry in the spin-up channel
is larger. Thus, I thS is positive and, in consequence, the spin
thermopower becomes negative. Interestingly, one can notice
that for the parallel magnetic configuration,SS takes extremely
small values especially at low temperatures, while SS in the
antiparallel configuration is comparable in magnitude to S in
both configurations. However, we would like to emphasize
that although the values of thermopowers shown in Figs. 5(c)
and 5(d) may seem to be relatively small, they represent
expected values for temperatures under consideration. For
instance, in recent experiments on the MgO- [12,13] and
Al2O3-based [11,14] junctions, it has been demonstrated that
these systems can display at room temperatures (RT) the ther-
mopowers ranging from a few tens ofμeV/K to several mV/K,
with typical values around 50–200 μeV/K. On the other
hand, for molecular break junctions based on STM [57–61]
measured values of thermopowers under the same conditions
(RT) are usually smaller than 30 μeV/K, although theoretical
predictions for some aromatic molecules [62,63] are as large
as 150 μeV/K.
Finally, an important conclusion of the present section is
that large values of thermopowers (and also figures of merit,
not shown) are indeed associated with large particle-hole
asymmetry around the Fermi level, which here follows from
a significant difference in the band-edge positions in the two
electrodes. For this reason, in the remaining part of the paper
we assume EL = −1 eV and ER = −0.2 eV.
B. Transport in the presence of a spin impurity
Now, we analyze the effect of a spin impurity embedded
in the barrier region of a magnetic tunnel junction on its
thermoelectric properties, and start with examining how the
electrical conductance of the junction changes with increasing
the parameter αex from αex = 0 (no impurity) to αex = 1
(see Fig. 6). As an example, we assume here a hypothetical
impurity of an integer spin S = 2. The difference between the
integer and half-integer spin numbers will be explored later.
We consider both spin-isotropic impurity (D = E = 0) and
spin-anisotropic impurity, with the latter limited to the uniaxial
magnetic anisotropy (E = 0) of two different types: easy axis
(D > 0) and easy plane (D < 0) [cf. Figs. 1(b) and 1(c)]. For
the purpose of this analysis, we assume the uniaxial anisotropy
constant |D| = 100 μeV, which is slightly larger that those
observed for SMMs [55,64,65] and some magnetic adatoms,
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FIG. 6. (Color online) The effect of a spin impurity with S = 2 on the electrical conductance of a magnetic tunnel junction. Left panel
[(a)–(c)]: Conductances G and Gm in the parallel (P) magnetic configuration, together with the corresponding magnetoconductances MC and
MCm, shown for T = 0.1 K as a function of the parameter αex describing the electron tunneling with scattering on the impurity. Thin lines
serve only as a guide for eyes. Three distinctive cases regarding the uniaxial magnetic anisotropy constant D (with E = 0) are considered:
(a) an isotropic impurity (D = 0), and an anisotropic impurity with the spin anisotropy of (b) the easy-axis type (D > 0), as well as (c) the
easy-plane type (D < 0) with |D| = 100 μeV. Graphical depiction of the impurity energy spectrum for each of these three cases is shown below.
Right panel [(d)–(k)]: Dependence of the conductances in the parallel magnetic configuration, scaled to the corresponding values at T = 0.1
K, and of the corresponding magnetoconductances on temperature for selected values of αex for D > 0 (d)–(g) and D < 0 (h)–(k). Vertical
dashed lines represent the temperature equivalent to the zero-field splitting: (d)–(g) ZFS = 3D ≈ 3.5 K and (h)–(k) ZFS = |D| ≈ 1.16 K. We
note that for D = 0 the relevant conductances are constant within the temperature range under consideration. Other parameters: αd = 1 and
PL = PR ≡ P = 0.5.
e.g., Mn [45,66], but smaller than for other adatoms, such as
Co or Fe [45,46,67].
1. Generalized electrical conductance
To begin with, we note that the comparison of dimensionless
magnitudes of the diagonal elements, G/(2e2/h) = hL00/2
and −GS/(|e|/2π ) = hL11/2, of the generalized electrical
conductance matrix G [Eq. (2)] shows that these quanti-
ties usually differ negligibly. Therefore, for most of the
present section only G will be plotted. Moreover, since
the nondiagonal elements Gm and GmS are related as GmS =−(/2|e|)Gm, only Gm will be shown henceforth. Because the
contribution to the charge current due to the spin-conserving
tunneling of electrons for αex = 0 depends on the impurity
spin state [Eq. (16)], one expects the conductances to increase
significantly as αex approaches αd. Thus, in Fig. 6 we first
present the conductances as a function of αex (left panel)
for one specific, low temperature (T = 0.1 K), and then we
examine the qualitative changes of the temperature evolution
of conductances scaled to their low-temperature values for
selected parameters αex (right panel).
One can see that the variation of the low-temperature
conductances with increasing αex, shown in Figs. 6(a)–6(c)
for the parallel magnetic configuration, depends strongly on
the magnetic properties of the impurity spin. Whereas for
D = 0 (a) and D > 0 (b) the conductances become larger
with growing αex, for D < 0 (c) their values remain insensitive
to αex. Such a difference in the conductance behavior can be
explained by considering the impurity spin states participating
in scattering of conduction electrons traversing the barrier.
In order to gain a deeper insight into the role of these
states in electronic transport through a junction, we decom-
pose the generalized conductance matrix as G = Gsc + Gsf,
where Gsc (Gsf) represents the contribution corresponding
to the tunneling processes during which the orientation of
electronic spins is conserved (flipped). The spin-conserving
terms are then given by
Gsc
2e2/h
=− (GS)
sc
|e|/2π =
h
T
[
α2d +
(
αLRex
)2 ∑
χ
P˜χ
∣∣Szχχ ∣∣2
]
× [˜(0)L↑R↑ (0) + ˜(0)L↓R↓ (0)] (45)
and
(Gm)sc
2e2/h
= −
(
GmS
)sc
|e|/2π =
h
T
[
α2d +
(
αLRex
)2 ∑
χ
P˜χ
∣∣Szχχ ∣∣2
]
× [˜(0)L↑R↑ (0) − ˜(0)L↓R↓ (0)]. (46)
Here, worthy of note is that as long as the transverse
magnetic anisotropy is absent (E = 0), ∑χ P˜χ |Szχχ |2 ≡∑
χ P˜χ 〈χ | ˆS2z |χ〉 = 〈 ˆS2z 〉. One can also notice that the interfer-
ence term ∝ 2αdαLRex
∑
χ P˜χSzχχ ≡ 2αdαLRex 〈 ˆSz〉 [cf. Eq. (16)]
is missing since at equilibrium 〈 ˆSz〉 = 0. On the other hand,
the spin-flip terms take the form
Gsf(1)
2e2/h
= h
2T
∑
χχ ′
P˜χ
∑
qσ
W(0)sfqσ,χ ′χ ,
(47)
Gsf(2)
2e2/h
= −h
2T
∑
χχ ′
P˜χχ ′χ
[∑
qσ
ηqW
(0)sf
qσ,χ ′χ
]2
,
(GS)sf(1)
|e|/2π = −
h
2T
∑
χχ ′
P˜χ
∑
qσ
V(0)sfqσ,χ ′χ ,
(48)
(GS)sf(2)
|e|/2π =
h
2T
∑
χχ ′
P˜χχ ′χ
[∑
qσ
ησ ηqV
(0)sf
qσ,χ ′χ
]2
,
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FIG. 7. (Color online) Decomposition of the diagonal G (a), (b)
and GS (c), (d), and nondiagonal Gm (e), (f) elements of the
generalized conductance matrix G into spin-conserving (long-dashed
lines marked as ‘sc’) and spin-flip [short-dashed and dashed-dotted
lines marked as ‘sf(1)’ and ‘sf(2)’] contributions shown as a function
of temperature T for αex = 0.5 and parallel magnetic configuration.
Bold solid lines stand for the sum of all the contributions. Both the
easy-axis (D > 0, left panel) and easy-plane (D < 0, right panel)
types of the uniaxial magnetic anisotropy are analyzed. Furthermore,
horizontal thin lines representing the spin-isotropic case (D = 0)
have been added for comparison. Note the break in the conductance
scales, which has been introduced to highlight the qualitative changes
of the contributions under consideration. Vertical lines, like in the
right panel of Fig. 6, illustrate the relevant zero-field splittings. For
detailed definitions of the contributions, see Eqs. (45)–(49). All other
parameters as in Fig. 6.
(Gm)sf
2e2/h
= −
(
GmS
)sf
|e|/2π = −
h
2T
∑
χχ ′
P˜χχ ′χ
×
[∑
qσ
ησ ηqV
(0)sf
qσ,χ ′χ
][∑
qσ
ηqW
(0)sf
qσ,χ ′χ
]
. (49)
Above, we have split the spin-flip contributions into two terms:
the terms referred to as ‘sf(1)’ present the main contributions
due to spin-flip transitions, assuming the equilibrium proba-
bility of the spin impurity states, while the terms referred to as
‘sf(2)’ involve χ ′χ [Eq. (28)], and describe corrections to the
spin-flip contributions due to a deviation of the probability of
spin states from the equilibrium one.
In the spin-isotropic case [Fig. 6(a)], all spin states are
degenerate and can participate in the mechanism under
discussion at any temperature (see the thin lines in Fig. 7).
In particular, from the equations above it is clear that the
dominating contribution is the spin-conserving one due to
the states |Sz = ±S〉, that is, the states of the largest z
component of the spin, although all the other states con-
tribute as well. The situation changes in the presence of
uniaxial magnetic anisotropy, which removes the degeneracy.
For D > 0, shown in Fig. 6(b), the ground state of the
impurity is the doublet |Sz = ±S〉, while all other intermediate
states |Sz〉, with Sz = ±S ∓ 1, . . . ,0, have larger energies
creating an energy barrier for spin reversal, and thus they
do not take part in transport at low temperatures, i.e., for
T  ZFS. In general, ZFS stands for the zero-field splitting,
which basically represents the excitation energy between the
ground and first excited states in the absence of an external
magnetic field. Specifically, at present one gets ZFSD>0 =
(2S − 1)D, where the subscript D > 0 has been added to
highlight the type of the uniaxial magnetic anisotropy the
ZFS refers to. As a result, the lack of the contribution to
transport from the intermediate impurity spin states manifests
for αex ∼ αd as slightly smaller values of the conductances
when compared to the spin-isotropic case. On the other
hand, for D < 0, shown in Fig. 6(c), the ground state of the
impurity is the planar state |Sz = 0〉, whose contribution at low
temperatures T  ZFSD<0 = |D| is identically equal to zero
[see Eqs. (45) and (46)]. Thus, the junction effectively behaves
at low temperatures as in the absence of impurity [compare
Fig. 6(c) with points for ER = −0.2 eV in the left side of
Fig. 4(a)].
For a spin-anisotropic impurity, the effect of the excited
spin states on transport can be observed at higher temperatures
T  ZFS. This is illustrated in the right panel of Fig. 6,
as well as in Fig. 7 where different contributions to the
conductances [Eqs. (45)–(49)] are plotted separately for αex =
0.5. Generally, one observes that as soon as temperature
becomes of the order of the ZFS (marked by vertical
dashed lines), the conductances start deviating from their
low-temperature values. Importantly, although the temperature
evolution of these conductances depends qualitatively on the
sign of D, the high-temperature (that is, for T  |D|S2 ≈
4.6 K, when all the impurity spin states contribute to transport)
asymptotic values of G, GS, and Gm, respectively, are the
same for both types of the uniaxial magnetic anisotropy.
Moreover, these values also coincide with those for the spin-
isotropic case. For instance, compare the conductances at T =
100 K in the left (D > 0) and right (D < 0) panels in Fig. 7.
Regarding the electrical conductance G, for D > 0 [Fig. 6(d)],
a maximum develops at T ≈ ZFSD>0, whereas for D < 0
[Fig. 6(h)], only a monotonic increase of G can be seen.
The mechanism of the peak formation for D > 0 originates
from the spin polarization of electron tunneling due to the
presence of ferromagnetic electrodes, and the discussion of
its details we defer to the end of this section. Nevertheless,
one can still understand the dissimilar qualitative behavior
of G(T ) for different signs of D by simply considering
how the population of the impurity spin states changes with
increasing T .
Let us consider the energy spectrum for D > 0 in Fig. 6.
Once T becomes of the order of ZFS, the states |Sz = ±1〉
become active in scattering of conduction electrons tunneling
through the junction, and the conductance G grows. Interest-
ingly, this growth is exclusively due to inelastic scattering of
conduction electrons on the impurity, which are accompanied
by the flip of electronic spins [see the component Gsf(1) in
Fig. 7(a)]. One can in general view this as the opening of
new channels for transport. On the other hand, the inclusion of
excited impurity spin states with increasing T , and specifically
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the state of highest energy |Sz = 0〉, leads to a decrease in the
spin-conserving component Gsc. Since at higher temperatures
this decrease is not fully compensated by contribution due to
inelastic processes, one observes effectively a peak in the over-
all conductance G. Moreover, the mechanism underlaying the
reduction of Gsc becomes especially evident when considering
the effect of the state |Sz = 0〉 on transport. Although this state
does not contribute directly to Gsc, as the term ∝ (αLRex )2 in
Eq. (45) vanishes, it still affects the conductance in the sense
that its population probability builds up at the expense of the
population probabilities of the other states. Thus,Gsc decreases
until all the states are populated with equal probabilities
1/(2S + 1) at sufficiently high temperatures. The opposite
situation occurs for D < 0 (see the relevant energy spectrum
in Fig. 6), where by increasing temperature one successively
activates states |Sz = ±1〉 and |Sz = ±2〉. Importantly, the
latter states when included are characterized by relatively
modest population probabilities, but one should remember that
because of the large value of Sz they contribute significantly
to the magnitude of Gsc through the term ∝ (αLRex )2 in
Eq. (45) [see Fig. 7(b)]. Analogous analysis can also be
conducted for other elements of the generalized conductance
matrix G.
At the beginning of this section we remarked that the
calculated values of G and GS are approximately equal, which
now can be explicitly seen if one compares the top (G) and
middle (GS) rows in Fig. 7. However, one should note that
though the sum of all the contributions constituting either of the
conductances are comparable, the values of specific spin-flip
contributions, e.g., Gsf(1)/(2e2/h) versus −(GS)sf(1)/(|e|/2π ),
in each case are different. In particular, whereas Gsf(2) is
negligibly small, (GS)sf(2) is finite at large temperatures and
has an opposite sign than (GS)sf(1).
To complete the discussion of charge/spin conducting prop-
erties of the junction with an impurity, we also analyze how
they depend on the magnetic configuration. For this purpose,
in Fig. 6 apart from the conductances in the parallel configu-
ration we also plotted the relevant magnetoconductances MC
and MCm. We observe that MC = P 2 (or MC = 0.25 in the
present case of P = 0.5) for T  ZFS and it gets reduced
as soon as inelastic electron tunneling processes become
thermally admitted. This tells us that although the junc-
tion electrically conducts better in the parallel configuration
GP > GAP, the difference is less pronounced at higher temper-
atures when the effect of the spin impurity is most significant. A
similar behavior occurs also for MCm, but its low-temperature
asymptotic value is 1, which means that (Gm)P  (Gm)AP in
the low-T regime.
2. Thermoelectric quantities: Thermal conductance,
thermopower, and spin thermopower
Before moving to the discussion of thermoelectric quan-
tities, such as heat conductance κ , thermopower S, and spin
thermopower SS, shown in Fig. 8, it is worth recollecting that,
unlike electrical/spin conductances, these depend nontrivially
on the kinetic coefficients [cf. Eqs. (3)–(5)]. As a result, one
cannot decompose them into the terms corresponding to the
spin-conserving and spin-flip scattering processes, as it was
done for the conductance matrix G. In Figs. 8(a)–8(c), we
k
isotropic, 'easy-plane',
T
'easy-axis',
TT
FIG. 8. (Color online) Thermal conductance κ (a)–(c), ther-
mopower S (d)–(f), and spin thermopower SS (g)–(l) plotted as
functions of temperature T for several values of αex. Similarly as
in the left panel of Fig. 6, different columns correspond to (from left)
D = 0, D > 0, and D < 0. Unlike κ and S, which are monotonic
functions of T in both magnetic configurations, and thus only the
parallel one is shown, SS is a monotonic function of T only in the
antiparallel configuration (j)–(l), whereas in the parallel one (g)–(i) it
is nonmonotonic and it can even change its sign with increasing T .
Vertical lines, like in the right panel of Fig. 6, illustrate the relevant
zero-field splittings. All parameters as in Fig. 6.
show how the temperature dependence of the heat conductance
is modified when gradually turning on the interaction between
tunneling electrons and the impurity, with the solid line
representing the case of a bare junction (αex = 0) and the
long-dashed line corresponding to the maximal effect of the
impurity (αex = 1). Generally, as anticipated from the analysis
of electrical conductance, the availability of the impurity spin
states for scattering of electrons traversing the junction leads
to increasing of energy transferred between the electrodes,
which manifests as an increase in κ . Considering the kinetic
coefficients L00, L22, and L02, Eqs. (34), (36), and (38), which
enter the expression for κ , Eq. (3), it turns out that apart
from two-electrode tunneling processes (∝W(n)sc and ∝W(n)sf
for n = 0,1,2), also the inelastic single-electrode processes
(∝ V(0)sf) should contribute. These processes are proportional
to the transition energy χ ′χ between two states |χ〉 and |χ ′〉
due to scattering of a conduction electron on the impurity
spin. Effectively, this is a different mechanism for energy
transfer between the electrodes, which employs the impurity
as an intermediate reservoir of energy. However, in the present
situation, when electrons can freely traverse the junction, the
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contribution of energy transport by single-electrode tunneling
processes seems to play a marginal role, as we explain in the
following. For this reason, a more detailed discussion of such
a mechanism has been postponed to Sec. V C, where spin
thermoelectric effects due to single-electrode tunneling will
be explored.
Comparing the thermal conductance of the spin-isotropic
impurity (D = 0) [Fig. 8(a)] and the impurity with the easy-
axis uniaxial spin anisotropy (D > 0) [Fig. 8(b)] for αex = 0,
one can hardly distinguish between these two cases. Moreover,
for D > 0 no change of κ is seen at temperatures T ≈ ZFS.
This suggests that the observed, uniform increase of κ within
the analyzed temperature range occurs mainly due to the elastic
scattering of electrons on an impurity. On the other hand,
for the impurity with the easy-plane spin anisotropy (D < 0)
[Fig. 8(c)], one can still notice the increase of κ when T
approaches ZFS. This is a consequence of the fact that in
such a case the ground state of the impurity is |Sz = 0〉,
which, similarly as for electrical/spin conductance, does not
contribute to elastic/spin-conserving transport.
Also, for the conventional thermopowerS [Figs. 8(d)–8(f)],
one observes an increase in |S| when αex approaches αd.
Nevertheless, for D > 0 a step appears for T ≈ ZFS, which
indicates that the growth in |S| can be attributed to spin-flip
electron scattering processes. The negative sign of the ther-
mopower indicates that the electron contribution is dominant
in the whole temperature range in comparison to that due
to holes. The situation becomes more complex for the spin
thermopower SS [Figs. 8(g)–8(l)]. For the antiparallel mag-
netic configuration [Figs. 8(j)–8(l)], |SS| displays a qualitative
behavior opposite to that of |S|, i.e., |SS| diminishes as αex
is increased. The situation in the parallel configuration is
different [Figs. 8(g)–8(i)], and the change of the thermopower
sign can be observed.
To elucidate the origin of this behavior, let us consider
the parallel configuration in more detail, starting from the
isotropic case D = 0. For αex = 0, the spin thermopower
is then positive in the entire temperature range studied in
Fig. 8. As described in the previous section, this means
that the thermally induced spin current I thS flowing in the
spin-minority channel is dominant, which stems from the
fact that the particle-hole asymmetry in this channel is
larger than that in the spin-majority channel. Notably, for
a finite (relatively small) value of αex, a transition at low
temperatures from positive to negative spin thermopower
takes place, which is due to a reduction of I thS in the spin-
minority channel and increase in the spin-majority channel.
This appears as a consequence of single-electrode spin-flip
tunneling processes; see the second term (in brackets) of the
spin current [Eq. (12)] and terms ∝ V(0)sf in L12 [Eq. (39)].
These processes are capable of modifying transport in spin
channels by transferring an additional angular momentum
through the junction indirectly, i.e., via the impurity (see the
next section for a detailed discussion). The spin thermopower
becomes positive again at larger temperatures. This transition,
in turn, stems from increased particle-hole asymmetry in the
spin-minority channel as compared to that in the spin-majority
one, especially when the temperature becomes comparable
to the Fermi energy in this spin channel (note we use
ER = −0.2 eV in the numerical calculations). For D = 0, the
transition from positive to negative spin thermopower occurs
when the thermal energy is comparable to ZFS, whereas the
transition back to the positive spin thermopower takes place at
temperatures comparable to those at which such a transition
occurs for D = 0. On the other hand, in the antiparallel
configuration (spin moment of the right electrode is reversed),
SS is negative and does not change sign in the temperature
range of interest. Now, the main contribution to I thS comes
from the spin-up channel and the single-electrode spin-flip
processes for finite αex only enhance the dominance of this
channel, so there is no sign change, and the absolute value of
the spin thermopower is larger than in the parallel magnetic
state.
3. Effect of transverse magnetic anisotropy
So far, we have focused on the situation when the magnetic
properties of the impurity are dominated by its uniaxial spin
anisotropy. However, very often the uniaxial component of
the anisotropy is also accompanied by the transverse one,
represented in Eq. (10) by the term proportional toE. Although
typical values of E/|D| for SMMs [64,68] and magnetic
adatoms [45,66] are small, E/|D|  0.2, the presence of the
transverse spin anisotropy can have a profound effect on the
system’s properties. For instance, not only can it open the
underbarrier quantum tunneling channels for spin reversal [69]
when D > 0, but it also leads to clear manifestation of
the geometric (or Berry-phase) effects in the spin dynamics
[70–75].
In Fig. 9, we show how the inclusion of the transverse
spin anisotropy (E = 0) affects the thermoelectric properties
of the system under discussion. We plot the results for the
case of D > 0, and for the integer (S = 2, left panel) and
half-integer (S = 5/2, right panel) impurity spin number.
As already mentioned in Sec. III, the transverse anisotropy
causes mixing of the impurity spin states |Sz〉, so that ˆHimp
is no longer diagonal in the basis of such states. The new
eigenstates |χ〉 are then combinations of the states |Sz〉. In
particular, for an integer S each |χ〉 is composed from the
states coming from either of two uncoupled sets {∀ Sz ∈
Zeven : |Sz〉} or {∀ Sz ∈ Zodd : |Sz〉}, while for a half-integer
S from {Sz = −S, − S + 2, . . . , − 1/2,3/2, . . . ,S − 3,S −
1 : |Sz〉} or {Sz = −S + 1, − S + 3, . . . , − 3/2,1/2, . . . ,S −
2,S : |Sz〉}. Thus, according to the Kramers theorem, all the
degeneracy is thereby removed in the former case, while in the
latter case it is preserved since the two sets are time reversed
[cf. Figs. 9(a) and 9(b)]. Furthermore, we note that for an
integer S one gets 〈χ | ˆSz|χ〉 = 0 for all states |χ〉, whereas for
a half-integer S one still obtains nonzero expectation values
of ˆSz.
The above observation leads, in turn, to an important
conclusion: for an impurity of integer spin the processes
of spin-conserving scattering of conduction electrons on
the impurity do not contribute to transport of charge, spin,
and energy. In Fig. 9, this is especially noticeable for the
conductances G [Figs. 9(c) and 9(d)], and Gm [Figs. 9(g)
and 9(h)]; see also Eqs. (45) and (46) for Gsc and (Gm)sc,
respectively, where the term ∝ (αLRex )2 is identically equal
to zero as soon as E = 0. The constant value of Gm in the
temperature range of interest in Figs. 9(g) and 9(h) means that
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FIG. 9. (Color online) The influence of transverse magnetic anisotropy on the transport and thermoelectric properties of a magnetic tunnel
junction with a spin impurity. Both integer (S = 2, left side) and half-integer (S = 5/2, right side) impurity spin number are considered,
and the uniaxial anisotropy of the easy-axis type is assumed (D = 100μeV). Top panel [(a), (b)]: Graphical illustration of the idea of how
the transverse anisotropy term in the impurity Hamiltonian (10) mixes different states |Sz〉 of the z component of the impurity spin. Bottom
panel [(c)–(n)]: Elements of the generalized conductance matrix G [(c)–(f)] and Gm [(g)–(j)], shown as a function of temperature T for the
parallel and antiparallel magnetic configurations. The solid lines illustrate the situation of E = 0. (k)–(n) Temperature dependence of the spin
thermopower SS for the values of E/D as indicated in (c). Note that both parallel and antiparallel magnetic configurations are considered.
Other parameters: αd = 1, αex = 0.5, and PL = PR ≡ P = 0.5.
the charge (spin) current stimulated by a spin (electrical) bias
arises exclusively due to direct tunneling of electrons through
a junction [cf. Fig. 7(e), (Gm)sf is negligibly small also for E =
0]. On the other hand, no significant qualitative changes of con-
ductances are seen for a half-integer spin number (S = 5/2)
[Figs. 9(e), 9(f), 9(i), and 9(j)]. A similar behavior is observed
for heat conductance κ and thermopower S (not shown here),
i.e., for an integer S the transverse anisotropy only slightly
diminishes the magnitude of κ , not affecting S, whereas for
a half-integer S both the quantities are hardly influenced by a
finite E.
The influence of transverse anisotropy on the spin ther-
mopower SS is more remarkable in the parallel magnetic
configuration [Figs. 9(k) and 9(m)], whereas hardly any
effect of E = 0 can be seen in the antiparallel configuration
[Figs. 9(l) and 9(n)]. This is due to modification of the
spin eigenstates of the impurity by the transverse anisotropy.
This modification, in turn, has a significant influence on
the single-electrode spin-flip processes mediating transfer of
angular momentum across the junction via the impurity, as
well as on the spin-conserving part of the two-electrode
contribution due to spin-impurity scattering. For this reason,
this modification significantly impacts the thermally induced
spin current and, in consequence, also the spin thermopower.
Moreover, from the discussion above follows that the effect
of E = 0 for half-integer S is qualitatively different from that
for integer S. As can be seen in Fig. 9, the main influence of
the transverse anisotropy on SS in the parallel configuration
appears at low temperatures for half-integer S, where the
transverse anisotropy leads to reversed sign of the spin
thermopower, and at higher temperatures for integer S, where
the sign change due to single-electrode spin-flip transitions is
suppressed.
4. Effect of electrodes’ spin polarization
Finally, before we conclude this section, let us analyze
how the spin polarization of electrodes influences the spin-
dependent thermoelectric properties of a magnetic tunnel
junction with a spin impurity. Up to this point, we have been
discussing a very specific situation, when both the electrodes
are characterized by the same spin-polarization parameter
PL = PR ≡ P . Let us now relax this constriction by assuming
only the spin polarization of the left electrode to be fixed
PL = 0.5, whereas the spin polarization of the right electrode
PR can be varied between 0 (a nonmagnetic electrode) to 1 (a
half-metallic electrode). The corresponding results are shown
in Figs. 10 and 11.
Considering first the conductances G and Gm (Fig. 10), the
effect of the difference in spin polarizations of the electrodes
occurs mainly by modification of the spin-conserving contribu-
tions Gsc and (Gm)sc [see Eqs. (45) and (46)], respectively, via
the ˜ functions [Eq. (15)]. As one can notice, in the presence of
transverse magnetic anisotropy, the temperature dependence
of G and Gm for S = 2 does not change qualitatively
upon varying PR . In the parallel magnetic configuration, the
maximal electrical conductance G in Fig. 10(a) is observed
only when PL and PR differ slightly. On the contrary, in
the antiparallel configuration, the maximal value of G in
Fig. 10(b) occurs as PR → 0, and G decreases monotonically
with increasing PR in the entire temperature range under
consideration. Moreover, the conductance Gm for the parallel
configuration [Fig. 10(e)] is the largest (and positive) for fully
polarized right electrode PR = 1. In the antiparallel config-
uration shown in Fig. 10(f), Gm vanishes for a symmetrical
situation PR = PL, and becomes negative when PR > PL (the
largest negative Gm appears for PR = 1). Note that for PR = 0
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FIG. 10. (Color online) Electrical conductances G (a)–(d) and
Gm (e)–(h) plotted vs temperature T for several values of the
spin-polarization parameter PR of the right electrode and PL = 0.5.
Similarly as in Fig. 9, two representative values of the impurity
spin number are considered, and the conductances are shown for
the parallel and antiparallel magnetic configurations. Apart from
E/D = 0.3, all other parameters are assumed the same as in Fig. 9.
the distinction between the parallel and antiparallel magnetic
configurations becomes irrelevant as the right electrode is then
nonmagnetic, so that the solid lines in Figs. 10(a) and 10(b)
[and analogously the ones in Figs. 10(e) and 10(f)] are actually
equivalent.
On the other hand, for S = 5/2 all the conductances, except
G in the parallel magnetic configuration [Fig. 10(c)] exhibit
analogous general response to the change of PR as for S = 2.
Analyzing the shape of the electrical conductance curves
plotted in Fig. 10(c) we can now address the question of the
possible origin of the peak observed in Fig. 7(a). Indeed, it can
be noticed that its occurrence is related to a specific magnetic
configuration of electrodes, that is, a clear peak is formed
only if PL and PR are comparable and the spin moments of
the electrodes are parallel. Although the dependence of Gm
on the spin polarization PR is qualitatively similar to that for
S = 2, and hence it is not discussed here, one feature deserves
a comment, i.e., a much more pronounced variation of Gm with
T in comparison to a very weak temperature dependence ofGm
for S = 2. This is related to a different role of perpendicular
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FIG. 11. (Color online) Analogous to Fig. 10, except that now
the heat conductance κ (a) and the corresponding heat magnetocon-
ductance HMC (b), together with the thermopower S (c), (d) and
spin thermopower SS (e), (f) are shown. Whereas κ is plotted only
for the parallel magnetic configuration, S and SS are presented for
both parallel and antiparallel configurations. Bottom panel: In order
to trace the sign change of the spin thermopower in (e) from the
negative one for small PR (see bold solid line for the limit of PR = 0)
to the positive one for large PR (see dashed-double-dotted line for
the limit of PR = 1), in the range PR =
〈
0.4,0.6
〉
with the interval
PR = 0.01 we plot a series of curves (thin lines). The value of PR
for each of these curves is color coded, with a black line representing
PR = 0.5.
anisotropy in the integer S and half-integer S situations, as
already discussed above (see Fig. 9).
Finally, variation of the heat conductance, thermopower,
and spin thermopower with polarization PR of the right
electrode is shown in Fig. 11. Since the dependence on PR for
S = 5/2 is qualitatively similar to that in the case of S = 2, in
this figure we present results only for the latter case. The heat
conductance κ in Fig. 11(a) is roughly independent of PR , and
increases almost linearly with temperature. The corresponding
heat magnetoconductance (HMC) in Fig. 11(b) varies weakly
with temperature and decreases with decreasing PR . Obvi-
ously, the HMC vanishes exactly in the limit of nonmagnetic
right electrode PR = 0. Qualitatively similar dependence on
PR can be also observed for the thermopower S [cf. Figs. 11(c)
and 11(d)]. In turn, the spin thermopower SS, shown in
Figs. 11(e) and 11(f), depends on PR in a more complex
manner, which follows from the fact that in the parallel
magnetic configuration it can change sign with increasing
temperature, as already discussed before (see Figs. 8 and 9).
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C. Spin-dependent thermoelectric effects in the absence
of charge transport across the junction
It has been shown in the previous section that if tunneling
of electrons through the junction is allowed, the corresponding
two-electrode processes (∝W(n)sc and ∝W(n)sf) determine
the transport characteristics of the system. In particular, the
main contribution to the charge, spin, and energy transport
stems from spin-conserving elastic tunneling processes, when
conduction electrons either tunnel directly between the two
electrodes or they are scattered elastically by the impurity
when traversing the junction, but neither energy nor angular
momentum is exchanged between electrons and the impurity
(see, e.g., Fig. 7 for charge G and spin GS conductances).
Although the single-electrode tunneling processes (∝ V(0)sf)
do not play the dominant role in the presence of two-
electrode processes, they become of crucial importance in the
case when the latter ones are suppressed [31,76], and their
prominent role for transport of spin and energy will be now
discussed.
G
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FIG. 12. (Color online) The effect of switching off the two-
electrode tunneling processes on thermoelectric characteristics of a
model system with an impurity of spin S = 2 (with D = 100 μeV
and E = 0). Top panel [(a)–(f)]: The left column presents the
temperature dependence of G (a), Gm (b), and spin GS (c) con-
ductances in the parallel magnetic configuration for several values
of the parameter η (see the main text). In the right column, heat
conductance κ (d) in the parallel magnetic configuration and spin
thermopower SS (e), (f) in both the configurations are plotted. The
bottom panel shows the spin magnetoconductance MC (g) and heat
magnetoconductance HMC (h). Other parameters: αd = αex = 1 and
PL = PR = 0.5.
To begin with, let us assume again (for the sake of
simplicity) a junction with the spin impurity of S = 2
exhibiting only the uniaxial magnetic anisotropy (E = 0),
and analyze how the thermoelectric properties of such a
system change when it becomes electrically insulating, i.e.,
the transfer of electrons between the left and right electrodes
is blocked. For this purpose, we use the following substitution:
αd → ηαd and αLRex → ηαLRex . The dimensionless parameter
η quantifies the presence of the two-electrode tunneling
processes, with η = 0 (η = 1) representing the lack (maximum
effect) of such processes. Figure 12 illustrates the evolution of
transport characteristics of a junction with a spin impurity
for η decreasing from η = 1 (long-dashed lines) to η = 0
(solid lines). It can be seen that whereas the electrical
conductances G [Fig. 12(a)] and Gm [Fig. 12(b)] approach 0
as η → 0 regardless of temperature, the spin conductance GS
[Fig. 12(c)] still attains finite values at high temperatures
T  ZFS, and GS = 0 otherwise. This means that even though
charge is not transferred across the junction, one can still
observe the flow of spin. In order to understand better this
phenomenon, in Fig. 13(a) we plot separately the contribu-
tions (GS)sc, (GS)sf(1), and (GS)sf(2) for η = 0 [cf. Eqs. (45)
and (48)].
z
z
z
FIG. 13. (Color online) Decomposition of spin GS (a) and heat κ
(b) conductances into different contributions [see Eqs. (48) and (50),
respectively], shown as functions of temperature T for η = 0, with all
other parameters as in Fig. 12. In (c) an example mechanism based on
single-electrode electron tunneling processes that leads to transport
of spin and energy through the junction is depicted. Recall that the
left electrode has higher temperature than the right one TL > TR . The
rightmost panel represents energy spectra of the spin impurity with
the occupation probabilities for all spin states schematically marked
with the dots.
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First of all, we note that when the two-electrode tunnel-
ing processes are suppressed (η = 0), only single-electrode
scattering events leading to reversal of the electronic spin
contribute to the spin current [Eq. (48)]. In Fig. 13(c), we
schematically present how the processes under consideration
can result in spin transport between electrodes without charge
being transferred. For example, a conduction electron coming
from the electrode of higher temperature (i) scatters on the
impurity spin, which leads to the flip of the electron’s spin
orientation (ii). Since angular momentum must be conserved in
the system, it means that the quantum of angular momentum 
has been exchanged with the impurity. In particular, for a
spin-up incoming electron considered in (i), the electron has
delivered it to the impurity. Then, a similar process can occur
between the other electrode (of lower temperature) and the
impurity (ii) and (iii). If as a result of this scattering process
an electron now changes its spin orientation so that it subtracts
angular momentum from the impurity (iii), effectively a
quantum of angular momentum will be transported through
the junction. Importantly, because the exchange of angular mo-
mentum between electrons and the impurity requires excitation
of the latter, thus GS differs significantly from zero only if T
becomes of the order of ZFS [see Fig. 13(a)]. Moreover, unlike
in the case when also the two-electrode tunneling processes
are active [Fig. 7(c)], where the contribution of (GS)sf(2) to GS
is marginal, at present the effect of processes contributing to
(GS)sf(2) is important.
Interestingly, the above analysis leads to a conclusion that
apart from angular momentum, an electron scattering on the
impurity should also in general exchange energy with it. This
comes as a direct consequence of the presence of uniaxial
magnetic anisotropy (D = 0). For this reason, transport of
energy in the situation under discussion should take place as
well, which can be seen in Fig. 12(d) as a nonzero thermal
conductance κ for η = 0 (solid line). Similarly as in the
case of spin conductance [Eq. (48)], also the thermal con-
ductance can be at present decomposed as κ = κsf(1) + κsf(2),
with
κsf(1) = 
T 2
∑
χχ ′
P˜χ
2χχ ′
4
∑
qσ
V(0)sfqσ,χ ′χ ,
(50)
κsf(2) = − 
T 2
∑
χχ ′
P˜χ
2χχ ′
4
χ ′χ
[∑
qσ
ηqV
(0)sf
qσ,χ ′χ
]2
,
where now [cf. Eq. (28)]
χ ′χ =
{∑
qσ
V(0)sfqσ,χ ′χ
}−1
(51)
[see Fig. 13(b)]. Analogously as in the case of (GS)sf(2), the contribution κsf(2) to the heat conductance represents the effect of a
deviation of the probability distribution of the impurity spin states from the equilibrium one. One can see that the inclusion of
κsf(2) is essential for a proper description of energy transport in the situation under discussion.
Another point worthy of note is that GS and κ do not depend on the magnetic configuration for η = 0. As a result,
the corresponding spin magnetoconductance MCS and heat magnetoconductance HMC vanish exactly. This is rather clear
as the probability of process contributing to GS and κ on the left side depend on the product of DOS for majority and
minority electrons, similarly as on the right side. Since such products are independent on magnetic configuration, MCS = 0 and
HMC = 0.
Since both transport of spin and energy can in principle arise in the system even if no transport of charge is permitted, one can
thus expect the system to exhibit a finite spin thermopower as well. Taking into account the general expression for thermokinetic
coefficients, in the limit of η = 0 one finds the following formula for SS:
SS = 1|e|T
∑
χχ ′ P˜χ χχ ′2
{∑
qσ ησV
(0)sf
qσ,χ ′χ − χ ′χ
[∑
qσ ησ ηqV
(0)sf
qσ,χ ′χ
][∑
qσ ηqV
(0)sf
qσ,χ ′χ
]}
∑
χχ ′ P˜χ
{∑
qσ V
(0)sf
qσ,χ ′χ − χ ′χ
[∑
qσ ησ ηqV
(0)sf
qσ,χ ′χ
]2} . (52)
It can be seen in Figs. 12(e) and 12(f) that the spin thermopower
is positive in the parallel magnetic configuration, while in the
antiparallel configuration it is negative. This can be accounted
for by considering detailed balance of spin-reversal process
on both left and right sides of the junction. In the parallel
configuration, the associated thermally induced spin current
I thS is negative and the induced spin voltage is also negative, so
the spin thermopower is positive. When the magnetic moment
of the right electrode is reversed, I thS is also reversed and,
consequently, the spin thermopower changes sign becoming
negative.
1. Effect of uniaxial and transverse magnetic anisotropy
As we discussed above, the uniaxial magnetic anisotropy
seems to be crucial for the occurrence of spin and energy
transport, as well as spin thermopower. To further investigate
this point, in Fig. 14 we plot the thermoelectric quantities in
question for both integer (S = 2) and half-integer (S = 5/2)
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FIG. 14. (Color online) Analysis of the influence of the uniaxial
magnetic anisotropy (quantified by D) on the spin-dependent ther-
moelectric characteristics of the system in the absence of the charge
transfer between electrodes. Two different cases of the impurity spin
number S are presented: for S being integer (a)–(d) and for S being
half-integer (e)–(h). Spin GS (a), (e) and heat κ (b), (f) conductances
in the parallel magnetic configuration, as well as spin thermopower
SS both in the parallel (c), (g) and antiparallel (d), (h) configurations
are plotted as a function of temperature T . Note that the solid
line represents here the case of a spin-isotropic impurity (D = 0),
whereas the dashed (dashed-dotted) lines refer to a spin-anisotropic
impurity with the uniaxial anisotropy of the easy-axis (easy-plane)
type. Moreover, in the bottom panel (SS)P = (SS)AP = 0 for D = 0.
Remaining parameters: η = 0, αex = 1, E = 0, and PL = PR = 0.5.
values of the spin number of the impurity, and we consider
the uniaxial magnetic anisotropy of the easy-axis (D > 0,
dashed lines) and easy-plane (D < 0, dashed-dotted lines)
type as well as the spin-isotropic case (D = 0, solid line).
First of all, we observe that even though transport of spin is
possible forD = 0 (GS = 0), energy cannot be transferred due
to the degeneracy of the impurity spin states, which reveals
as κ = 0 and SS = 0 at any temperature. Second, both the
value of the uniaxial magnetic anisotropy constant |D| and
the spin number S determine the maximal attainable value of
the thermal conductance. It stems from the fact that these
two parameters define the excitation energy between two
neighboring spin states, e.g., for the transition between the
states |Sz = ±S〉 and |Sz = ±S ∓ 1〉 one has the excitation
energy of (2S − 1)|D| [cf. Figs. 14(b) and 14(f)]. Third, for a
half-integer S and D < 0 the ground state of the impurity is
the doublet |Sz = ±1/2〉, so that even at low temperature GS
has a nonzero value.
A significant qualitative difference in the behavior of spin
conductance and spin thermopower for integer and half-
integer S appears for negative D. This difference is due to the
fact that for half-integer spin and D < 0 there is no barrier for
spin-flip transition at low temperatures, while for D > 0 (simi-
larly as for integer S) such a barrier does exist. Accordingly, the
spin conductance for half-integerS is finite at low temperatures
for D < 0 and it vanishes for D > 0. In turn, the spin
thermopower is significantly reduced at low temperatures for
D < 0 and S = 5/2 in comparison to the spin thermopower for
integer S. Interestingly, the spin thermopowers in the parallel
and antiparallel configurations behave in a qualitatively similar
way with temperature. In both cases, the spin thermopower is
positive in the parallel configuration and negative in the an-
tiparallel one. As before, this is a consequence of the fact that in
the parallel configuration the dominant contribution to the spin
current is from spin-down electrons, while in the antiparallel
one the dominant spin current flows in the spin-up channel.
Behavior of all thermoelectric and transport parameters
changes when the effects of transverse magnetic anisotropy
are included (Fig. 15). These modifications, however, are
remarkable mainly at low temperatures, while at higher
temperatures they are much less pronounced. Physical origin of
these modifications lies in the change the spin-impurity states
undergo owing to the presence of the transverse anisotropy,
as already discussed above. However, one point is worth
emphasizing, namely, the pronounced effect of E = 0 on the
spin thermopower of an impurity with half-integer S [see
Figs. 15(k) and 15(o)]. The significant decrease of SS by
several orders of magnitude, which occurs at low temperatures,
results from removing the energy barrier for the impurity-spin
reversal by the transverse anisotropy, as for E = 0 direct
transitions between the ground-state doublet |Sz = ±S〉 are
allowed. In such a case, the system behaves qualitatively in a
similar way for both D > 0 and D < 0 [compare plots 15(k)
and 15(o) with 15(l) and 15(p), respectively].
2. Effect of electrodes’ spin polarization
To complete the discussion of transport of spin and energy
exclusively due to single-electrode electron tunneling pro-
cesses, we finally comment how this is affected by asymmetry
in the electrodes’ spin polarizations PL and PR . Such a
dependence is studied in Fig. 16, where it can be seen
that a proper choice of PL and PR is of key importance
for enhancing the effects under discussion. In particular, by
setting PR = 0, which corresponds to a nonmagnetic right
electrode, one can significantly increase the magnitudes of
spin GS [Fig. 16(a)] and heat κ [Fig. 16(b)] conductances.
Since these two quantities depend now only on the product of
spin-up and spin-down DOS for each of electrodes separately,
check up on terms V(0)sfqσ,χ ′χ in Eqs. (48) and (50) [also recall
Eqs. (29) together with (15)], one actually expects that the
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FIG. 15. (Color online) Analogous to Fig. 14, but now the effect of transverse magnetic anisotropy E is investigated for two different types
of the uniaxial magnetic anisotropy D > 0 and D < 0. Except |D| = 100 μeV, all other parameters as in Fig. 14.
largest values of GS and κ are to be obtained when PL
and PR are small but not necessarily equal [see Figs. 16(e)
and 16(f)]. This is not the case for spin thermopower SS,
for which an opposite trend is observed [Figs. 16(c)-16(d)
and 16(g)-16(h)], namely, SS reaches its maximal value when
at least one of the electrodes is fully spin polarized at the
Fermi level (i.e., PL = 1 or PR = 1). Interestingly, while in
the parallel magnetic configuration SS is always positive as
a function of PL and PR (for other parameters fixed), in
the antiparallel configuration both positive and negative spin
thermopower can be observed. Moreover, in the parameter
space of PL and PR , a clear transition between such two
regimes can be seen, which in Fig. 16(h) is marked by a dashed
line representing SS = 0. The origin of this behavior can be
explained by analyzing the competition between spin-up and
spin-down channels in thermally stimulated spin transport, as
already discussed above.
VI. SUMMARY AND CONCLUSIONS
We analyzed the influence of magnetic anisotropy on
spin-dependent thermoelectric effects in a nanoscopic system
in the linear-response regime. In particular, a magnetic tunnel
junction with a large-spin impurity incorporated into the
tunneling barrier was considered as an example. Using the
approach based on a master equation, we derived kinetic
coefficients (34)–(39) that relate charge, spin, and heat currents
to electrical, spin, and thermal biases [Eq. (1)]. Knowledge
of these coefficients, in turn, allowed for finding quantities
characterizing the spin-dependent thermoelectric response of
the system, like charge, spin, and thermal conductances, as
well as both conventional and spin thermopowers.
We began with considering the case of a bare junction,
i.e., a junction with no impurity, which was a reference point
for further discussion. Then, the impurity was included and
its growing impact on transport characteristics of the junction
was investigated by increasing the interaction between the
impurity spin and tunneling electrons. This interaction leads
to scattering of electrons traversing the junction, so that
electrons can effectively exchange both angular momentum
and energy with the impurity. Importantly, comparing three
distinctive cases: an isotropic spin impurity with an anisotropic
one of the easy-axis and easy-plane types, we showed that
the uniaxial magnetic anisotropy is of key importance for
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FIG. 16. (Color online) Temperature evolution of the spin con-
ductance GS (a), heat conductance κ (b), and spin thermopower
SS (c), (d) shown in the case of the junction including the spin
impurity with S = 2 (D = 100 μeV and E/D = 0.3) for selected
values of the spin-polarization parameter of the right electrode PR
(PL = 0.5). All the quantities in question are presented for the parallel
magnetic configuration, and SS additionally also in the antiparallel
one. Bottom panel [(e)–(h)]: Analogous to the top panel, except that
now the quantities under discussion are plotted as functions of the spin
polarizations of both electrodes PL and PR , for T = 2 K. Dashed line
in (h) separates visually the region of negative SS (above the line)
from the region of positive SS (below the line). Other parameters:
η = 0 and αex = 1.
such processes. Coupling to the impurity provides effectively
additional transport channels, which in the presence of the
uniaxial anisotropy are progressively activated with increasing
temperature. This results in an increase in electrical, spin, and
thermal conductances. A more peculiar behavior is observed
in the case of thermopowers. The conventional thermopower
is negative and its absolute value becomes increased in both
parallel and antiparallel magnetic configurations. On the other
hand, the spin thermopower is negative in the antiparallel
configuration, with its absolute value diminished, while in
the parallel magnetic configuration the spin thermopower can
change its sign, which generally stems from the competition
between the spin-up and -down channels in thermally induced
spin transport. As the uniaxial spin anisotropy is usually
accompanied by the transverse component, we investigated
its impact on the transport and thermoelectric coefficients for
an impurity with integer and half-integer spin numbers, finding
that an especially profound effect can be seen in the former
case.
Finally, we considered the transport characteristics of the
system in the limit when the charge transfer through the
junction is blocked. It was shown that owing to the presence of
the spin impurity, transport of spin and heat is still feasible
in such a case. In principle, the impurity can be used as
an intermediate reservoir of angular momentum and energy,
to/from which these two quantities can be added/subtracted
by electrons in single-electrode tunneling processes. If such
processes for one electrode result in delivering spin and energy
to the impurity, while for the other electrode they lead to
transfer of the accumulated spin and energy from the impurity
to this electrode, one gets a net flow of spin and energy across
the junction. However, we note that energy can be transferred
between the electrodes only if the impurity is capable of storing
it, that is, when transfer of energy is associated with transfer
of angular momentum, which takes place only when the
impurity exhibits uniaxial magnetic anisotropy. Interestingly,
the system is then thermoelectrically responsive, showing a
finite-spin thermopower. The maximal attainable value of the
spin thermopower at a given temperature depends largely
on the spin polarization of the electrodes. Moreover, in the
antiparallel configuration, the sign of the spin thermopower
can be tuned by a proper choice of the spin-polarization
parameters. We predict that at low temperatures T  ZFS,
the magnitude of spin thermopowers induced in this way
can in some conditions (e.g., for an integer spin in the
parallel magnetic configuration) exceed by several orders those
observed for a bare junction.
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